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A theoretical description of femtosecond two-dimensional electronic spectroscopy of multichromophoric systems
is presented. Applying the stationary phase approximation to the calculation of photon echo spectra and taking
into account exciton relaxation processes, we obtain an analytic expression for numerical simulations of time-
and frequency-resolved 2D photon echo signals. The delocalization of one-exciton states, spatial overlaps
between the probability densities of different excitonic states, and their influences on both one- and two-
dimensional electronic spectra are studied. The nature of the off-diagonal cross-peaks and the time evolution
of both diagonal and off-diagonal peak amplitudes are discussed in detail by comparing experimentally measured
and theoretically simulated 2D spectra of the natural Fenna-Matthews-Olson (FMO) photosynthetic light-
harvesting complex. We find that there are two noncascading exciton energy relaxation pathways.

I. Introduction

Photosynthetic light-harvesting complexes contain between
a few to about 100 chromophoressgenerally chlorophylls or
bacteriochlorophylls and carotenoidssin individual protein
complexes. The subtle interplay between interchromophore
electronic interactions and environmental effects on individual
chromophores lies at the heart of the exquisite effectiveness of
these complexes in absorbing, transferring, and trapping solar
energy. Such effects are harnessed to broaden solar coverage,
induce directional and energy migration, exploit states that
would ordinarily be ineffective in energy transfer, and produce
systems that are extraordinarily robust with respect to structure
and energetic disorder.1-3 Yet in systems where the distribution
of site energies (diagonal disorder) may be at least as large as
the magnitude of the electronic coupling, linear spectroscopy
does not contain enough information to uniquely determine the
electronic Hamiltonian. Even in a dimer, the single spectroscopic
splitting between two excitonically coupled features in the
spectrum arises from two site energies and one electronic
coupling value. If a satisfactory model of multiple linear spectra,
e.g., absorption, linear dichroism, circular dichroism, can be
developed to reveal the energy ordering of the exciton levels,
this type of spectral information is still quite insensitive to the
spatial relationship of the excitonic states. Yet exciton dynamics
(i.e., energy transfer) are controlled by both the energy difference
and the spatial overlap of excitonic wave functions.

Multidimensional electronic spectroscopy holds great promise
to provide incisive information on the three-dimensional elec-
tronic structure of multichromophoric complexes and aggre-

gates.4-23 When the number of chromophores in a given
complex isN, there areN one-exciton states that are given by
linear combinations ofN monomer wave functions. Therefore,
in principle the line shape of the absorption spectrum contains
information on theN electronic transitions between the electronic
ground andN one-exciton states. Since theN transition prob-
abilities independently add up to produce the absorption spec-
trum, the spatiotemporal dynamics between different one-exciton
states cannot be studied by using conventional linear spectro-
scopic techniques. On the other hand, nonlinear spectroscopies
such as photon echo and pump-probe methods involve four
field-matter interactions.23,24There are approximatelyN2 cross-
peaks revealing the spatial overlap among one-exciton state
probability densities, the coupling-induced delocalization of ex-
citonic transition dipoles, and exciton relaxation in the one-
exciton state manifold. In the language of pump-probe spec-
troscopy, these nonlinear transition pathways are called ground-
state bleaching (GB) or stimulated emission (SE) contributions
of which a typical transition pathway is gf e1 f g f e2 f g.
In addition to the one-exciton state manifold, there existN(N
- 1)/2 two-exciton states, and they are given by linear com-
binations of doubly excited chromophore wave functions. The
excited state absorption (EA) contributions from one- to two-
exciton states can also produce cross-peaks, and their contribu-
tion is out-of-phase in comparison to the SE and GB terms that
involve four transitions between the ground state and the one-
exciton states. Owing to the interferences between (GB+SE)
and EA, the two-dimensional spectrum becomes intrinsically
asymmetric with respect to the diagonal line even in the case
of no exciton migration. Only in the limiting case when the
electronic couplings vanish, does the 2D spectrum become
diagonally symmetric. Therefore, asymmetry in the 2D spectrum
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at short times, before exciton relaxation plays a role, suggests
that the electronic couplings are not negligibly small and the
excitons are spatially delocalized over multiple chromophores.

Experimentally, two-dimensional optical heterodyne spec-
troscopy has been developed for infrared and electronic
transitions.7,13,16,21,25-34 Recent technological advances allow us
to record 2D spectra over a wide range of frequencies and hence
for a variety of physical systems.7,35-37 Time-dependent elec-
tronic 2D spectra have been obtained for dilute chromophore
solutions,10,14,15a molecular aggregate,19,20and for the Fenna-
Matthews-Olson (FMO) photosynthetic light-harvesting protein
of Chlorobium tepidum.21 To facilitate analysis of these new
results, as well as provide the basis for an intuitive understanding
of the 2D spectra, a tractable and readily computable theoretical
description is required. In this paper we provide such a
description. As a specific application, we analyze the 2D spectra
of the FMO complex, revealing excitonic coupling and relax-
ation processes.

II. Nonlinear Response Function of a Multilevel System

A variety of nonlinear four-wave-mixing spectroscopies,
including photon echo spectroscopy, can be conveniently
described by using the following 3D response function:24

Here, the Heaviside step function was denoted asθ(t). The field-
matter interactions are treated in a semiclassical way asHI(t)
) - µ̂‚E(r ,t). The time-dependence of the dipole operator is
determined by the Heisenberg equation of motion. Expanding
the three commutators in eq 1, we have

where the four components are

The initial equilibrium density operator is denoted asF0.
The four-wave-mixing polarization is written as a triple

convolution integral as

whereN is the number of chromophores.
For a general multilevel system, the four nonlinear response

functions were shown to be expressed in terms of various linear
correlation functions of fluctuating transition frequencies among
different quantum states.4,23,24By choosingHa+Hbath to be the
reference Hamiltonian, the difference energy operatorVba(τ) is
given as

Here,Ha andHb are the Hamiltonians of the ground and first
excited electronic states, respectively. Defining the fluctuating
part of the difference energy operator as

and the average energy gap aspωj ba ) 〈Hb - Ha〉a, we have

The four nonlinear response function components in eq 3 can
be written, in terms of one-sided quantum correlation functions
of δHxy(t),23

where the four auxiliary functions,Fabcd
(j) (t1,t2,t3) for j ) 1...4,

are given in Supporting Information 1S. The Boltzmann factor
of the ground state,|a〉, was denoted as P(a), P(a) ) exp(-Ea/
kBT)/Tr[exp(-H/kBT)]. The transition dipole matrix element
between|b〉 and |a〉 was denoted asµba ≡ 〈b|µ|a〉.

III. Stationary Phase Approximation

Although the general expressions of the nonlinear response
functions were given in eq 8, they are rather complex and useful
insights can be obtained by taking the short time expansion of
the response function with respect to thet1 and t3 time
arguments. Noting that the system is in highly oscillating
coherence states during the first and third time periods and that
the four-wave-mixing polarization is given by triple integrations
over t1, t2, andt3, only the short time (slowly varying) parts of
the molecular response duringt1 and t3 are important and are
sufficient to approximately describe the quantum decoherence
processes.4,5,38-41 In the case of photon echo spectroscopy,
during the second time period,t2, the system is in either a
vibrational coherence state or a population state in either the
electronic ground or excited state.23,42 Consequently, both
spectral diffusion and the correlation between the excitation and
probing frequencies should be properly taken into account. One
can achieve this goal by taking a two-dimensional Taylor
expansion ofFabcd

(j) (t1,t2,t3) with respect tot1 and t3 as

where the expansion coefficientsfj(t2), δj
2(t2), ∆j

2(t2), Hj(t2), and
Qj(t2) for j ) 1...4 are given in Supporting Information 2S and

R3D(t3,t2,t1) ≡ ( i
p)3

θ(t1)θ(t2)θ(t3)

× 〈[[[ µ(t3 + t2 + t1),µ(t2 + t1)],µ(t1)],µ(0)]F0〉 (1)

R3D(t3,t2,t1) ) ( i

p)3

θ(t1)θ(t2)θ(t3)∑
R)1

4

[RR(t3,t2,t1)

- RR
/ (t3,t2,t1)] (2)

R1(t3,t2,t1) ≡ 〈µ(t1)µ(t1 + t2)µ(t1 + t2 + t3)µ(0)F0〉

R2(t3,t2,t1) ≡ 〈µ(0)µ(t1 + t2)µ(t1 + t2 + t3)µ(t1)F0〉

R3(t3,t2,t1) ≡ 〈µ(0)µ(t1)µ(t1 + t2 + t3)µ(t1 + t2)F0〉

R4(t3,t2,t1) ≡ 〈µ(t1 + t2 + t3)µ(t1 + t2)µ(t1)µ(0)F0〉 (3)

P3D(r,t) ) N∫0

∞
dt3∫0

∞
dt2∫0

∞
dt1R3D(t3,t2,t1)

× E(r,t - t3)E(r,t - t3 - t2) × E(r ,t - t3 - t2 - t1) (4)

Vba(τ) ) eiHaτVbae
-iHaτ ) eiHaτ(Hb - Ha)e

-iHaτ (5)

δHba(τ) ≡ eiHaτ(Hb - Ha - 〈Hb - Ha〉a)e
-iHaτ (6)

Vba(τ) ) pωj ba + δHba(τ) (7)

R1(t3,t2,t1) ) ∑
abcd

Ρ(a)µadµdcµcbµba exp{iωj cbt3 + iωj dbt2

- iωj bat1 + Fabcd
(1)(t1,t2,t3)}

R2(t3,t2,t1) ) ∑
abcd

Ρ(a)µadµdcµcbµba exp{iωj cbt3 + iωj dbt2

+ iωj dat1 + Fabcd
(2)(t1,t2,t3)}

R3(t3,t2,t1) ) ∑
abcd

Ρ(a)µadµdcµcbµba exp{iωj cbt3 + iωj ca.t2

+ iωj dat1 + Fabcd
(3)(t1,t2,t3)}

R4(t3,t2,t1) ) ∑
abcd

Ρ(a)µadµdcµcbµba exp{-iωj dat3 - iωj ca.t2

- iωj bat1 + Fabcd
(4)(t1,t2,t3)} (8)

Fabcd
(j) (t1,t2,t3) ) fj(t2) - 1

2
δj

2(t2)t1
2 - 1

2
∆j

2(t2)t3
2 + Hj(t2)t1t3

+ iQj(t2)t3 (9)
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they all are determined by the frequency-frequency correlation
functions

and δHxa(τ) ≡ eiHaτ(Hx - Ha - 〈Hx - Ha〉a)e-iHaτ. Although
the expressions for the Taylor expansion coefficients for
Fabcd

(j) (t1,t2,t3) in Supporting Information 2S are found to be
complicated, the physical meaning of each term in eq 9 can be
understood as follows. The zero-order term,fj(t2), describes the
dephasing of the electronic (or vibrational) quantum beats during
t2. The expansion coefficient,δj

2(t2), corresponds to the mean
square fluctuation amplitude of the transition frequency associ-
ated with the off-diagonal density matrix evolution during the
first time period,t1, and it determines the spectral bandwidth
of the corresponding 2D spectrum along theωτ axis whereωτ
is the conjugate Fourier frequency oft1 in the impulsive limit.
Similarly, ∆j

2(t2) corresponds to the mean square frequency
fluctuation amplitude of the second electronic coherence state
during the third time period,t3. The fourth term,Hj(t2), describes
how the two electronic transitions separated byt2 are correlated
with each other. In the limit whenHj(t2) ) 0, the electronic
transition induced by the first field-matter interaction is
completely independent of that induced by the third field-matter
interaction. As shown by Cho et al.,38 the photon echo peak
shift (PEPS) is directly proportional to the time evolution of
Hj(t2). If the molecular system has an intrinsically static
inhomogeneity,Hj(t2) does not decay to zero but to a finite value
determined by the spectral width of the inhomogeneous distribu-
tion. Recently, it was theoretically shown that the slanted nature
of various 2D vibrational or electronic spectra at short time (t2
< bath correlation time) is also related to the transition frequency
correlation term,Hj(t2).41 The last term in eq 9,Qj(t2), describes
the spectral diffusion or fluorescence Stokes shift during the
second time period,t2. In summary,δj

2(t2) is the mean square
fluctuation amplitude of transition frequency duringt1; ∆j

2(t2)
is the mean square fluctuation amplitude of transition frequency
during t3; Hj(t2) is the extent of correlation between transition
frequencies duringt1 andt3; andQj(t2) is the spectral diffusion
of excited-state particles or ground-state holes duringt2.

Two-Dimensional Photon Echo Spectroscopy.One of the
most popular four-wave-mixing spectroscopies is the optical
photon echo measurement.4-7,39,42-44 The diagrams contributing
to the photon echo signal can be separated into two groups:
the rephasing and nonrephasing response functions. They differ
from each other by the time orderings of pulses along the
incident wavevectors.

To simulate the echo spectra, we will assume that the pulse
width is far shorter than any of the dynamics of interest. In this
impulsive limit, the observed time-domain third-order polariza-
tion becomes linearly proportional to the associated nonlinear
response function:

There are various different ways to measure the photon echo
polarization, depending on the experimental schemes used. In
the present paper, we will consider the double Fourier transform
of the photon echo response function as the reference two-
dimensional photon echo spectrum, i.e.,

whereΩj is the conjugate Fourier frequency of the experimen-
tally controllable delay timetj. The sign,+ or -, must be
properly chosen by considering the rotating wave approximation
for a given experimental arrangement.

In general, it is not possible to analytically carry out the
double integrations overt1 and t3 in eq 12, when the material
response function is given as a complicated function oftj.
However, invoking the stationary phase (Laplace) approximation
and taking into account the slowly varying parts of the nonlinear
response function in the rotating frame with respect to the
electronic transition frequencies duringt1 and t3 periods, the
above two-dimensional Fourier transform can be obtained
analytically. For example, the double Fourier transform of the
first response function component in eq 8 is found to be

whereG{x,y} is the normalized Gaussian function defined as
G{x,y} ) x2π/y exp(-x2/2y). The other auxiliary functions
are provided in eqs 2S-a). Similarly, one can obtain expressions
for the other components of the 2D spectra, R˜ j(Ω3,t2,Ω1) (for j
) 2...4), and their complex conjugates. Although the above
expression appears to be complicated, the physical meaning of
each term is rather straightforward. The first Gaussian function
has a variance ofδ1

2(t2) and its center frequency is determined
by the ensemble averaged transition frequency between|b〉 and
|a〉 states. After a finite delay timet2, the third pulse interacts
with the molecular system and creates a coherence state|c〉 〈b|.
During the second delay timet2, the system undergoes spectral
diffusion determined by the time-dependent function,Q1(t2) (see
eq 2S-1). Also, due to the correlation between the transition
frequency duringt1 and duringt3, i.e., a finite memory effect,
the spectral distribution and width of the 2D photon echo
spectrum along theΩ3 frequency axis, evolves with respect to
t2. As described by the second Gaussian function in eq 13, the
center frequency of this Gaussian function with respect toΩ3

shifts in time due to the spectral diffusion,Q1(t2), as well as
the uphill or downhill evolution of the doorway wave packet,
which is described byH1(t2)(Ω1 - ωj ba)/δ1

2(t2). In the case of
a simple two-level system, we showed that the wave packet
evolution dynamics described byH(t) is directly proportional
to the solvation correlation function (see eq 14 in ref 41). Also,
the width of the Gaussian function with respect toΩ3 increases
from ∆1

2(0) - H1
2(0)/δ1

2(0) to ∆1
2(∞); note thatH1(t) is a

decaying function.

êxy(τ1,τ2) ≡ 1

p2
〈δHxa(τ1)δHya(τ2)〉 (10)

Secho(t3,t2,t1) ∝ Re[R(t3,t2,t1)] (11)

S̃echo(Ω1,t2,Ω3) ∝ ∫-∞

∞
dt1 ∫-∞

∞
dt3 R(t3,t2,t1)e

(iΩ1t1(iΩ3t3 (12)

R̃1
++ (Ω1,t2,Ω3) ≡ ∫-∞

∞
dt1 ∫-∞

∞
dt3 R1(t3,t2,t1)e

iΩ1t1+iΩ3t3

) ∑
abcd

Ρ(a)µadµdcµcbµba∫-∞

∞
dt3 ∫-∞

∞
dt1 exp{i(ωj cb + Ω3)t3

+ iωj dbt2 - i(ωj ba - Ω1)t1}

× exp(f1(t2) - 1
2

δ1
2(t2)t1

2 - 1
2

∆1
2(t2)t3

2

+ H1(t2)t1t3 + iQ1(t2)t3)
) ∑

abcd

Ρ(a)µadµdcµcbµbae
iωj dbt2+f1(t2)G{Ω1 - ωj ba,δ1

2(t2)}

× G{Ω3 + ωj cb + Q1(t2) +
H1(t2)(Ω1 - ωj ba)

δ1
2(t2)

,

∆1
2(t2) -

H1
2(t2)

δ1
2(t2)

} (13)
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IV. Exciton Hamiltonian and Correlation Functions

A. Exciton Representation.Photosynthetic systems consist
of a number of chlorophylls that are electronically coupled to
one another. To describe electronic and nonlinear optical proper-
ties of these photosynthetic systems, the Frenkel exciton Hamil-
tonian has been used extensively.45,46Denotingam

† andam to be
the creation and annihilation operators of electronic excitation
at the mth chromophore, the zero-order Hamiltonian can be
written as

where themth site energy, electronic coupling constant between
themth andnth chromophores, and the phonon bath Hamiltonian
were denoted asεm, Jmn, and Hph, respectively. The chro-
mophore-phonon bath interaction and interchromophore dis-
tance and orientation fluctuations induce fluctuations of site
energies and coupling constants. Thus, the electron-phonon
interaction Hamiltonian is written as

whereqmn(Q) is an operator of bath coordinates,Q, and it is
assumed that the expectation values calculated over the bath
states,〈qmn(Q)〉0, are zero (note that if〈qmn(Q)〉0 values are finite
they can be included in the zeroth-order Hamiltonian). Form*n,
the couplings to phonons can induce transitions between
electronic excitations of different chromophores in the site
representation. Here, the assumption that theqmn(Q) operator
is linearly proportional to the bath coordinates is not necessary.

For any general four-wave-mixing spectroscopy, we need to
consider three well-separated manifolds: the ground state, the
N one-exciton states, and theN(N - 1)/2 two-exciton states.
The one- and two-exciton eigenvalues and eigenvectors can be
obtained by considering the following one- and two-exciton
Hamiltonian matrices, denoted asH̃1 and H̃2, respectively, in
the site representation:

Note that [H̃2] jk ) JRγ when [H̃2] jj ) εR + εâ and [H̃2]kk )
εâ + εγ and that [H̃2] jk ) 0 when [H̃2] jj ) εR + εâ and [H̃2]kk )
εγ + εδ. To obtain the one- and two-exciton energies and states,
the above two Hamiltonian matrices can be diagonalized by
the corresponding orthogonal transformation matrices,U and
V, as

where the diagonal elements ofΩ̃ andW̃ matrices correspond
to the one- and two-exciton eigenvalues. The one- and two-
exciton states can be expanded as

where |m〉 ) am
† |0〉 and |m,n〉 ) am

†an
†|0〉. The eigenvector

elements of thejth one-exciton and thekth two-exciton states
were denoted asUjm

-1 and Vmn
(k) , respectively. The matrix ele-

ments ofV(k) correspond to the elements of thekth row of the
matrix V -1. Vmn

(k) is the weighting factor of the doubly excited
stateam

+ an
+ |0〉 in the kth two-exciton state.

Due to the chromophore-bath interactions, the site energies
and coupling constants fluctuate in time, and according to eq
15 we need to consider the following two matrices where each
matrix element is an operator of the bath degrees of freedom:

In the one- and two-exciton state representation, the above elec-
tron-phonon interaction Hamiltonian matrices can be trans-
formed as

The diagonal matrix elements, [¥̃1
e-p(Q)] jj and [¥̃2

e-p(Q)]kk

describe the energy fluctuations induced by electron-phonon
interaction of thejth one-exciton and thekth two-exciton state,
respectively. The off-diagonal matrix elements of¥̃1

e-p(Q) and
¥̃2

e-p(Q) will induce exciton relaxations within the one- and
two-exciton manifolds, respectively.

B. Exciton State Energy Fluctuations.From the transformed
one-exciton Hamiltonian, the energy of thejth one-exciton state,
fluctuating due to electron-phonon interactions, can be written
as

We will assume that the fluctuation amplitudes of the coupling
constants,qmn (for m*n), are typically smaller than the fluctua-
tion amplitudes of diagonal site energies, as in Prall et al.13

Equation 22 can be simplified as

H0 ) ∑
m)1

N

εmam
†am + ∑

m

N

∑
n*m

N

Jmnam
† an + Hph (14)

He-p ) ∑
m

∑
n

qmn(Q)am
+an (15)

U-1H̃1U ) Ω̃

V-1H̃2V ) W̃ (18)

|ej〉 ) ∑
m

Ujm
-1|m〉

|fk〉 ) ∑
m)1

N-1

∑
n)m+1

N

Vmn
(k)|m,n〉 (19)

¥̃1
e-p(Q) ) U-1H̃1

e-p(Q)U

¥̃2
e-p(Q) ) V-1H̃2

e-p(Q)V (21)

Ωj(Q) ) Ω̃jj + [¥̃1
e-p(Q)] jj ) Ω̃jj + ∑

m
∑

n

Ujm
-1qmn(Q)Unj

(22)

〈qmm
2〉 . 〈qnp

2〉 for all m, n, andp, andn*p (23)

Ωj(Q) = Ω̃jj + ∑
m

Umj
2 qmm(Q) (24)
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Note that the fluctuation of thejth one-exciton state energy,
the second term in eq 24, is given by a linear combination of
each site energy fluctuation term,qmm(Q), and the weighting
factors are determined by the square of the corresponding
eigenvector elements. By following the same procedure, thekth
two-exciton state energy can be written as

Again, the fluctuation of the two-exciton state energy, deter-
mined by the second term in eq 25, is given by a linear
combination of two site energy fluctuations with weighting
factors of (Vmn

(k))2. Note that energy fluctuation at themth site,
described byqmm(Q), will modulate both the one- and two-
exciton state energies, and the relative weights are determined
by the eigenvector matrix elements. Consequently, as will be
shown below, the fluctuation of thejth one-exciton transition
frequency is intrinsically correlated with the fluctuation of other
one- or two-exciton transition frequencies. Because of this
instantaneous correlation mediated by the electronic couplings,
the one- and two-color photon echo peak shifts can be used to
study the spatial extent of exciton delocalization as well as the
spatial overlap between different one or two-exciton state
probability densities.17,38We will present the results on the PEPS
of a multichromophoric system elsewhere.

C. Transition Dipoles. Once the eigenvectors of the one-
and two-exciton states are determined, the exciton transition
dipole matrix elements can be expressed as linear combinations
of site transition dipoles, i.e.,

wheredm is the transition dipole vector of themth chromophore,
i.e., dm ≡ 〈0| µ̂ |m〉. These transition dipole matrix elements in
eq 26 will be used to calculate various photon echo response
functions.

D. Correlation Functions of Fluctuating One- and Two-
Exciton Transition Frequencies.As shown in section III, for
a multilevel system such as theN-coupled chromophore system
considered in the present section, we need both the autocorre-
lation functions and the cross-correlation functions of the one-
or two-exciton transition frequencies to calculate the nonlinear
response functions. Using the approximate expressions in eq
24, we find that the time-correlation between any given two
one-exciton transition frequencies is

where δΩj(Q) ) Ωj(Q) - Ω̃jj and δΩj(t) ) exp(iHpht/p)
δΩj(Q) exp(-iHpht/p). If the energy fluctuation at themth
chromophore is statistically independent of the energy fluctua-
tion at thenth chromophore, i.e.,

then eq 27 simplifies to

Note that the approximation, eq 28, was found to be reasonable
even for a dimer system, as experimentally shown by Prall et
al.13 We further assume that the site energy fluctuation correla-
tion functions〈qmm(t)qmm(0)〉 are all identical so that we have

For the sake of later use,C(t) is divided into the real and
imaginary parts as

By introducing the spectral density representing the spectral
distribution of the chromophore-bath coupling constants, the
real and imaginary parts,a(t) andb(t), can be written as integrals
over the spectral density, i.e.,

Note that the absolute magnitude of the spectral density is
determined by the solvent reorganization energy asλ ) p∫0

∞

dω ωF(ω),4 i.e., λ is the oscillator energy averaged over the
spectral density. Since the initial value ofC(t), which is the
mean square fluctuation amplitude of the transition frequency
of an isolated chromophore, is critical in the following deriva-
tions and discussions, it is especially denoted as

By using the approximation of eq 30, eq 29 is further simplified
as

We next consider the correlation functions between any given
two two-exciton transition frequencies, and they are found to
be

where the second equality was obtained by invoking the
approximation in eq 30, and

Wk(Q) ) W̃kk + [¥̃2
e-p(Q)]kk

) W̃kk + ∑
m

∑
n

Vjm
-1[H̃2

e-p(Q)]mnVnj

= W̃kk + ∑
m)1

N-1

∑
n)m+1

N

(Vmn
(k))2{qmm(Q) + qnn(Q)} (25)

µej
≡ 〈0| µ̂ |ej〉 ) ∑

m

Ujm
-1 dm

µej fk
≡ 〈ej| µ̂ |fk〉 ) ∑

m)1

N-1

∑
n)m+1

N

Vmn
(k)(Ujn

-1dm + Ujm
-1dn) (26)

〈δΩj(t)δΩk(0)〉 ) ∑
m

∑
n

Umj
2 Unk

2 〈qmm(t)qnn(0)〉 (27)

〈qmm(t)qnn(0)〉 ) δmn〈qmm(t)qmm(0)〉 (28)

〈δΩj(t)δΩk(0)〉 ) ∑
m

Umj
2 Umk

2 〈qmm(t)qmm(0)〉 (29)

〈qmm(t)qmm(0)〉 ) C(t) (for all m) (30)

C(t) ) a(t) + ib(t) (31)

a(t) ) ∫0

∞
dω F(ω) coth[ pω

2kBT]ω2 cosωt (32)

b(t) ) ∫0

∞
dω F(ω)ω2 sin ωt (33)

C0 ) C(0) ) 〈ω2 coth[pω/2kBT]〉F

) ∫0

∞
dω F(ω) coth[pω/2kBT]ω2 (34)

〈δΩj(t)δΩk(0)〉 ) (∑
m

Umj
2 Umk

2 )C(t) (35)

〈δWj(t)δWk(0)〉 ) ∑
m)1

N-1

∑
n)m+1

N

∑
r)1

N-1

∑
s)r+1

N

(Vmn
(j) )2(Vrs

(k))2

× 〈{qmm(t) + qnn(t)} {qrr(0) + qss(0)}〉

= (∑
m)1

N-1

∑
n)m+1

N

(Vmn
(j) )2{Pm

(k) + Pn
(k)})C(t) (36)

Pm
(k) ≡ ∑

j)1

m-1

(Vjm
(k))2 + ∑

j)m+1

N

(Vmj
(k))2 (37)
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In addition to the correlation functions between two one-
exciton state frequency fluctuations and between two two-
exciton state frequency fluctuations, the cross-correlation func-
tions betweenδΩj(t) andδWk(0) are required in calculating the
nonlinear response functions. They are

In this subsection, invoking the two approximations, eqs 28
and 30, we showed that all auto- and cross-correlation functions
of one- or two-exciton state frequency fluctuations can be written
in terms of the scaled frequency-frequency correlation function
of a single chromophore,C(t).

E. Delocalization and Spatial Overlap of Excitons.In eqs
35, 36, and 38, three different correlation functions of one- and
two-exciton state frequency fluctuations were obtained. In the
present subsection, we will provide physical meaning of each
term and its connection to either the spatial delocalization of
the corresponding exciton or the spatial overlap between the
excitonic state probability densities.

First, let us consider the mean square fluctuation amplitude
of the jth one-exciton transition frequency,〈δΩj

2〉. From eq 35,
we find

This ratio is the inverse of the “inverse participation ratio (IPR)”
of the jth one-exciton state, where the IPR was defined asNj )
[ΣmUmj

4 ]-1. Note that the IPR is a measure of how many
molecules are involved in a given exciton, and the ratio〈δΩj

2〉/
C0 will provide direct evidence of the extent of delocalization
of the jth exciton. In the limit of complete localization,〈δΩj

2〉
) C0 and (ΣmUmj

4 )-1 ) 1. On the other hand, if thejth exciton
is fully delocalized withUmj ) 1/xN, the ratio 〈δΩj

2〉/C0

becomes 1/N so that the mean square fluctuation amplitude of
the jth exciton becomes very small (by a factor of 1/N) in
comparison to that of an isolated chromophore. This phenom-
enon is the well-known exchange narrowing effectsthe absorp-
tion spectrum of a coupled chromophore system (for example
aJ-aggregate47-49) is significantly narrower than that of a single
chromophore in the same condensed phase.

Second, let us consider the magnitude of the cross-correlation
function, 〈δΩj(t)δΩk(0)〉. The ratio〈δΩjδΩk〉/C0 is given by

Noting that the vector,pbj ) (U1j
2 ,U2j

2 , ‚‚‚), can be understood as
a probability density distribution of thejth exciton state in the
site representation, we have

which can be viewed as thespatial oVerlap of the two prob-
ability density distributions, pbj andpbk, of thejth andkth exciton
states. As an example, consider a complex with five chro-

mophores (see Figure 1). Suppose that thejth exciton is de-
localized over chromophores 1 and 2 and that thekth exciton
is delocalized over chromophores 4 and 5, as illustrated in Figure
1. The size of the filled circle for each chromophore is propor-
tional toUmj

2 . In this case, the spatial overlappbj ‚pbk is zero and
consequently the amplitude of〈δΩj(t)δΩk(0)〉 is negligibly small
because the two exciton states do not involve any common
chromophores. On the other hand, the probability density distri-
bution of thepth exciton in Figure 1 overlaps strongly with
that of the kth exciton so that〈δΩkδΩp〉/C0 is larger than
〈δΩjδΩp〉/C0. Consequently, the fluctuatingkth exciton transi-
tion frequency is (in-phase) correlated with thepth exciton
transition frequency. Therefore, an experimental method that
can selectively measure〈δΩjδΩk〉, will provide spatial informa-
tion about a pair of excitons that have different frequencies.
We found that the two-color photon echo peak shift measure-
ment, where the two different frequencies are simultaneously
resonant with thejth andkth one-exciton states, can be used to
measure this particular quantity; a detailed discussion of the
two-color photon echo peak shift measurement will be presented
elsewhere.

We next consider the cross-correlation between thejth one-
exciton state frequency fluctuation and thekth two-exciton state
frequency fluctuation,〈δΩj(t)δWk(0)〉. Its amplitude divided by
C0 is

To understand the physical meaning of the quantity,∑m)1
N

Umj
2 Pm

(k), let us define the projection operator,P̂m ) |m〉 〈m|,
where |m〉 denotes the singly excited state of themth chro-
mophore. Then, one can prove that

where|fk〉 is thekth two-exciton state wave function, i.e.,

Therefore,Pm
(k) is the expectation value ofP̂m over the prob-

ability distribution of thekth two-exciton state and is considered
to be the “amount” of the|m〉 wave function in thekth two-
exciton state. In other words,PBk ≡ (P1

(k),P2
(k), ‚‚‚) vector is the

reduced (projected) probability densityof each site in thekth
two-exciton state. Therefore, eq 42 can be rewritten as

〈δΩj(t)δWk(0)〉

) ∑
m)1

N

∑
r)1

N-1

∑
s)r+1

N

Umj
2 (Vrs

(k))2〈qmm(t){qrr(0) + qss(0)}〉

= (∑
m)1

N

Umj
2 Pm

(k))C(t) (38)

〈δΩj
2〉

C0

) ∑
m

Umj
4 )

1

Nj

(39)

〈δΩjδΩk〉

C0

) ∑
m

Umj
2 Umk

2 (40)

〈δΩjδΩk〉/C0 ) pbj ‚pbk (41)

Figure 1. Spatial distribution of three excitons in a hypothetical
five chromophore system. The size of the filled circle is proportional
to Umj

2 .

〈δΩjδWk〉

C0

) ∑
m)1

N

Umj
2Pm

(k) (42)

Pm
(k) ) 〈fk|P̂m|fk〉 (43)

|fk〉 ) ∑
m)1

N-1

∑
n)m+1

N

Vmn
(k)|m〉 |n〉 (44)

〈δΩjδWk〉
C0

) pbj ‚PBk (45)
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which can be interpreted as the spatial overlap between the
probability density of thejth one-exciton and the reduced
probability density of thekth two-exciton state.

Finally, the mean square fluctuation amplitude of thekth two-
exciton state is found to be

This result suggests that〈δΩk
2〉 is determined by the overlap

of the probability density of thekth two-exciton in the|m,n〉
basis and the projected (reduced) probability densities.

V. Exciton Relaxation and 2D Photon Echo

The one- and two-exciton states are linear combinations of
|m〉 and|m,n〉 local states, respectively. The zero-order Hamil-
tonians were diagonalized to obtain the one- and two-exciton
states and the diagonal elements of¥̃1

e-p(Q) and¥̃2
e-p(Q) were

taken into account to quantitatively describe the fluctuations of
one- and two-exciton state energies induced by the chro-
mophore-bath (electron-phonon) interactions. However, the
off-diagonal matrix elements of¥̃1

e-p(Q) and ¥̃2
e-p(Q) in the

exciton basis can further induce exciton relaxations in either
the one- or two-exciton manifolds. In the present section, treating
these off-diagonal matrix elements of¥̃1

e-p(Q) as perturbations
and using second-order perturbation theory, we calculate the
relaxation rates required in constructing a proper master
equation. The relaxation rate constant for the transition from
the population state of the|ej〉 exciton to that of the|ek〉 exci-
ton can be obtained from the second-order Fermi Golden
Rule as50

where∆Ωkj ) Ωk - Ωj. Now, depending on the definition of
propagation operator for the time-evolution of [¥̃1

e-p(Q(t))] jk,
one can obtain either the conventional Redfield theory rates or
the modified Redfield theory rates.51 Note that the diagonal
elements [¥̃1

e-p(Q)] jj ) [U-1H̃1
e-p(Q)U] jj are in general de-

pendent on the bath degrees of freedom. If one ignores these
diagonal matrix elements, [¥̃1

e-p(Q)] jj, in the propagation of
[¥̃1

e-p(Q(t))] jk, we have

whereHph is the phonon bath Hamiltonian. In this case, the
trace in eq 47 is over the phonon eigenstates. On the other hand,
if the diagonal elements, [¥̃1

e-p(Q)] jj, are not negligibly small,
e.g., strong system-bath couplings,50-54 the better time evolution
of [¥̃1

e-p(Q(t))] jk is given as

and the quantum mechanical trace in eq 47 should be performed
over the eigenstates of the phonon plus [¥̃1

e-p(Q)] jj Hamilto-
nians. Note that each of these is a collection of displaced har-
monic oscillators. This is the case of the intermediate coupling
limit studied by Mukamel and co-workers45,46 and Yang and
Fleming.51

A. Modified Redfield Theory. Using the propagated off-
diagonal Hamiltonian matrix element given in eq 49 and
applying the cumulant expansion method to the calculations of
the correlation function,〈[¥̃1

e-p(Q(t))] jk[¥̃1
e-p(Q(0))]kj〉, one can

obtain the modified Redfield rate constant,45,51

where

Here, the line shape functions,gab,cd(t), and the associated
solvent reorganization energies,λab,cd, are defined as

B. Master Equation. Once the rate constants are all deter-
mined, one can obtain the conditional probability,Gkj(t), of
finding state|k〉 at time t given that it was at state|j〉 at t ) 0
by solving the master equation

with the initial conditions, Gkj(0) ) δkj. These coupled
linear differential equations can be solved by using the
Laplace transform method. Denoting the Laplace transform of
Gkj(t) as G̃kj(s), one can rewrite the above initial value prob-
lem as

where the underlined terms in the above equation denote anN
by N matrix, andI is the identity matrix. The [j,k]th matrix
element of G̃(s) is G̃jk(s). The rate constant matrixK is
defined as

where the rate constants for exciton relaxations in the one-
exciton manifold were already given in eq 50. Now, let us
assume that the matrixQ diagonalizesK as

〈δWk
2〉

C0

) ∑
m)1

N-1

∑
n)m+1

N

(Vmn
(k))2{Pm

(k) + Pn
(k)} (46)

Kkj(∆Ωkj) ) 2Re∫0

∞
dt〈[¥̃1

e-p(Q(t))] jk[¥̃1
e-p(Q(0))]kj〉

× exp{-i∆Ωkjt} (47)

[¥̃1
e-p(Q(t))] jk ) exp{iHpht/p}[¥̃1

e-p(Q)] jk exp{-iHpht/p}

(48)

[¥̃1
e-p(Q(t))] jk ) exp{i(Hph + [¥̃1

e-p(Q)] jj)t

p }[¥̃1
e-p(Q)] jk

exp{-
i(Hph + [¥̃1

e-p(Q)]kk)t

p } (49)

Kkj(∆Ωkj) ) 2Re∫0

∞
dt fkj(t) exp{-i∆Ωkjt} (50)

fkj(t) ) [g̈jk,kj(t) - {ğjk,kk(t) - ğjk,jj(t) - 2iλjk,jj/p}
× {ğkj,kk(t) - ğkj,jj(t) - 2iλkj,jj/p}]

× exp[ - gkk,kk(t) - gjj ,jj
/ (t) + 2{gkk,jj(t) + iλkk,jj t/p}] (51)

gab,cd(t) ) (∑
m

Uam
-1UmbUcm

-1Umd)∫0

t
dτ∫0

τ
dτ′C(τ′)

λab,cd ) (∑
m

Uam
-1UmbUcm

-1Umd)λ (52)

Ġkj(t) ) ∑
l*k

KklGlj(t) - (∑
l*k

Klk)Gkj(t) (53)

sG̃(s) + K G̃(s) ) I (54)

Q-1 KQ ) Λ (56)
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where the diagonal elements ofΛ, i.e., Λjj ) λj, are the
eigenvalues of the rate constant matrixK. By using the Q matrix,
eq 54 can be rewritten as

Thus, the conditional probabilityGkj(t) is found to be

In this section, we showed that the state-to-state transition
rate constants are directly proportional to the magnitude of the
cross frequency fluctuation correlation. Once the rate constant
matrix is determined, the conditional probabilities can be directly
calculated by using eq 58.

C. 2D Photon Echo Spectra.Combining all the theo-
retical results, for a generalN-coupled chromophore system
we finally obtain an expression for the 2D photon echo spec-
trum written as a sum of diagonal and off-diagonal contri-
butions,

The first summation term gives the diagonal peaks of both the
R2 and R3 pathways whenei ) ej contribute to them. The second
summation term in eq 59 describes the line shapes of off-diago-
nal cross-peaks at (Ω1 ) ωj eig,Ω3 ) ωj ejg) originating from the
R3 pathways withei * ej. Here, the superscript “(1)” onS̃em-
phasizes that it involves transitions between the ground and one-
exciton states. Although R2 pathways withei * ej exist, their
contributions are small as their oscillations during the second
delay time, exp((iωj eiejt2), destructively interfere with one
another when spectrally broad femtosecond pulses are used. For
this reason, we only consider the diagonal contributions (ei )
ej) from the R2 pathways. The third summation term is asso-
ciated with R1* pathways, where the transitions from a one-
exciton state to a two-exciton state are involved. Note that super-
script “(2)” is used to emphasize that it involves transitions to
two-exciton states. Again, only R1* pathways forei ) ej are
considered. It should be emphasized that the overall magnitude
of the third term (R1*) is negative so its contributions will de-
structively interfere with the first two terms. The first three terms
in eq 59 contribute when the initially created one-exciton state
population evolves in timeT without undergoing exciton trans-
port to the other one-exciton states. Therefore, these three terms
are multiplied by the survival probability function,Gjj(T). The
fourth and fifth terms account for population transfer from a
one-exciton state to another one-exciton state and its transport
probability is described by the conditional probability function,
Gji(T).

By using the results in section IV, we find that the three
components in eq 59 are

where the two remaining 2D spectral functions,S
b
˜ ij

(1)(Ω1 )

ωj eig,T,Ω3 ) ωj ejg) and S
b
˜ ifjk

(2) (Ω1 ) ωj eig,T,Ω3 ) ωj fkej), in eq 59

and the auxiliary functions used above are provided in Sup-
porting Information 3.

Note that linear spectroscopy measures the dipole strength
for each exciton, whereas the cross-peaks in 2D spectroscopy,
as shown in the equation above, access the dipole strength cross-
correlation function between two different excitons,〈µei

2µej
2〉.

Once the one- and two-exciton eigenvectors are determined
from the constructed exciton Hamiltonian matrices, which are
critically dependent on the specific complex under investigation,
the time-evolved 2D photon echo spectra can be numerically
calculated using the above equations.

VI. FMO Antenna Complex

Recently, time-resolved two-dimensional electronic spectra
of the FMO pigment-protein complex from the green sulfur
bacteriumChlorobium tepidumwere obtained by performing
heterodyne-detected three-pulse photon echo spectroscopy.21 The
FMO protein was the first photosynthetic protein to be crystal-
lized to atomic resolution (Figure 2).55-60 Although the FMO
complex consists of a trimer of 21 bacteriochlorophylla
molecules (BChls), it has been shown that the optical spectrum
of the FMO complex is mainly determined by the interactions
within a single subunit.61-63

The electronic structure of the FMO complex has been studied
extensively, and the advent of 2D spectroscopy allows stringent
testing of the validity of the different models for the complex.
Vulto et al.64,65 obtained electronic coupling constantsJmn by
considering the dipole-dipole interaction between individual
pigments and determined the site energies by fitting the
absorption, circular dichroism, linear dichroism, and triplet-
singlet spectra. In this paper we obtain the excitonic energies
from the linear absorption and 2D electronic spectra and use
the coupling constants obtained by Vulto et al.64,65 with one
exception: we reduceJ56 to 40 cm-1. The site energies can
therefore be inferred from the excitonic energies and coupling
constants. The resulting electronic Hamiltonian is presented in
Table 1.

G̃(s) ) Q(sI + Λ)-1Q-1 (57)

Gkj(t) ) ∑
l

QklQlj
-1 e-λlt (58)

S̃echo(Ω1,T,Ω3) ) ∑
j)1

N

PjS̃jj(Ω1 ) ωj ejg
,T,Ω3 ) ωj ejg

)

+ ∑
i)1

N

∑
j*i

PiGii(T)S̃ij
(1)(Ω1 ) ωj eig

,T,Ω3 ) ωj ejg
)

- ∑
j)1

N

∑
k)1

N(N - 1)/2

PjGjj(T)S̃jk
(2)(Ω1 ) ωj ejg

,T,Ω3 ) ωj fkej
)

+ ∑
i)1

N

∑
j*i

PiGji(T)S
b
˜ ij

(1)(Ω1 ) ωj eig
,T,Ω3 ) ωj ejg

)

- ∑
i)1

N

∑
j* i

N

∑
k)1

N(N-1)/2

PiGji(T)S
b
˜ ifjk

(2)(Ω1 ) ωj eig
,T,Ω3 ) ωj fkej

) (59)

S̃jj(Ω1 ) ωj ejg
,T,Ω3 ) ωj ejg

) )
2π〈µej

4〉

x〈δΩj
2〉2(1 - a2(T)/C0

2)

× exp{-Xj
2(ωj ejg

)} [exp{- Yjj
2(ωj ejg

,ωj ejg
)} + Gjj(T)

× exp{-Yjj
2(ωj ejg

- 2〈δΩj
2〉σ(T)/C0,ωj ejg

)}]

× S̃ij
(1)(Ω1 ) ωj ejg

,T,Ω3 ) ωj ejg
)

)
2π〈µei

2µej

2〉

x〈δΩi
2〉〈δΩj

2〉 - 〈δΩiδΩj〉
2a2(T)/C0

2

exp{-Xi
2(ωj ei

g)} exp{-Zij
2(ωj eig

,ωj ejg
)}

× S̃jk
(2)(Ω1 ) ωj ejg

,T,Ω3 ) ωj fkej
)

)
2π〈µej

µejfk

2µej
〉

xδj
2∆jk

2 - Hjk
2(T)

exp{-Xj
2(ωj ejg)}

× exp{-Λjk
2(ωj fkej

- Qjk(T),ωj ejg
)} (60)
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In this paper, we use modified Fo¨rster/Redfield theory,66 eq
50, with a coupling cutoff of 30 cm-1, to obtain the delocalized
exciton state energies, exciton wave functions, and exciton
relaxation rates. Therefore, only off-diagonal elements larger
than 30 cm-1 in Table 1 were included in the diagonalization
of the one-exciton Hamiltonian. The squares of the eigenvector
elements of the seven exciton states are illustrated in Figure 2
and tabulated along with their corresponding dipole strengths,
inverse participation ratiosNj, and fwhm (full width at half-
maximum) in Table 2. Overall, the inverse participation ratios
(IPR) are relatively small, suggesting that the exciton states are
not strongy delocalized. Exciton 1 is mainly localized on BChl
3. Excitons 2 and 4 are delocalized on BChls 4 and 7, excitons
3 and 7 are both localized on BChls 1 and 2, and excitons 5
and 6 are on BChls 5 and 6. Therefore, we have|e3〉 = 0.88|1〉
+ 0.46 |2〉, |e7〉 = - 0.46 |1〉 + 0.87 |2〉, |e5〉 = - 0.71 |5〉 +
0.63 |6〉, and|e6〉 = 0.56 |5〉 + 0.71 |6〉.

To calculate the absorption spectrum we need to determine
the spectral density and calculate the line shape functions. As
discussed earlier in this paper, the electronic coupling reduces
the line shape of each individual excitonic transition, so that
the absorption spectrum should be calculated as

where the line shape functions,gj(t), are defined as

Here, the line shape function of a single pigment in the limit of
no coupling was denoted asg0(t) and is given by

Note that the magnitude of the line shape function of thejth
exciton transition is inversely proportional to the extent of
delocalization, i.e., the inverse participation ratioNj. We fit the
experimentally measured absorption spectrum by using an
Ohmic spectral density4,5,67,68with ωc ) 50 cm-1:

We find that the solvent reorganization energy is 35 cm-1 and
the static inhomogeneous width is 20 cm-1. Thus, the fwhm of
the line shape associated with the transition from the ground

state to thejth exciton state is 2x2ln2{C0+202}Nj
-1 in cm-1.

The experimental and simulated absorption spectra are shown
in Figure 3. Except for the highest-energy peak at 12 600 cm-1,
the overall line shape is in good agreement with experiment.

VII. Two-dimensional Spectroscopy of the FMO Complex

Experimental 2D Spectra. The Fenna-Matthews-Olson
complex ofChlorobium tepidumwas prepared in a buffer of
50 mM Tris and 10 mM sodium ascorbate as described
elsewhere.55 To resolve individual spectral features, we carried
out the experiment at 77 K in a liquid nitrogen cryostat (Oxford).
To prevent cracks in the low-temperature sample, we used a
water-glycerol (35:65, v/v) mixture and plastic windows
(thickness 0.3 mm) at 0.4 mm optical path length. The optical
density peak value was 0.37.

Details of our 2D electronic spectroscopy setup have been
provided elsewhere.15 Briefly, we use a home-built Ti:sapphire
oscillator with a regenerative amplifier to generate 805 nm, 50
fs laser pulses at a repetition rate of 3 kHz. Three-pulse photon
echo spectroscopy is performed using a phase-matched box
geometry and heterodyne detection. We employ diffractive
optics to achieve long-term phase stability and movable glass
wedges to accurately delay the time between the first two pulses
by τ with better thanλ/100 precision. The population timeT
between the second and third pulse is controlled by a conven-
tional delay stage external to the diffractive-optic setup. The
signal is fully characterized in amplitude and phase by using
spectral interferometry between the local oscillator and signal
fields. Scattering effects are automatically reduced by recording
and subtracting non-four-wave-mixing signals.

For any given population (waiting) time,T, the coherence
time, τ, is scanned in 5 fs steps between(440 fs. Spectral
interferograms are recorded with a 16-bit, 100× 1340-pixel,
thermoelectrically cooled CCD camera (Princeton Instruments)
and 0.3 m imaging spectrometer (Acton). These parameters lead
to a spectral resolution of 7× 10-3 fs-1 (37 cm-1) for ωτ and
3 × 10-4 fs-1 (1.6 cm-1) for ωt. The spot-size diameter at the
sample position was 84µm and the excitation energy 20 nJ per
pulse. Experiments performed with 30% of the laser power led
to essentially the same results. Data analysis by Fourier
transformation yields the 2D traces of which we present the
real parts in this paper, i.e., the absorptive contributions. The
absolute phases of the 2D traces are obtained via the projection-

Figure 2. Pigment arrangement in a subunit of the FMO complex.
The BChls are labeled following the original assignment by Fenna,
Matthews, and Olson. Each BChl is colored according to its contribution
to the one-exciton states. The exciton levels in the key are numbered
in ascending energy order.

TABLE 1: One-Exciton Hamiltonian Matrix Elements for
the FMO Complex (in cm-1)

BChl 1 BChl 2 BChl 3 BChl 4 BChl 5 BChl 6 BChl 7

BChl 1 280 -106 8 -5 6 -8 -4
BChl 2 -106 420 28 6 2 13 1
BChl 3 8 28 0 -62 -1 -9 17
BChl 4 -5 6 -62 175 -70 -19 -57
BChl 5 6 2 -1 -70 320 40 -2
BChl 6 -8 13 -9 -19 40 360 32
BChl 7 -4 1 17 -57 -2 32 260

I(ω) ) ∫-∞

∞
dt eiωt{∑

j)1

7

|µej
|2e-iωj jt-gj(t)} (61)

gj(t) ) ∫0

t
dτ∫0

τ
dτ′ 〈δΩj(τ′)δΩj(0)〉 = 1

Nj
g0(t) (62)

g0(t) ≡ ∫0

t
dτ ∫0

τ
dτ′ C(τ′) ) -iλt/p

+ ∫0

∞
dω F(ω)coth[ pω

2kBT](1 - cosωt)

+ i∫0

∞
dω F(ω)sin ωt (63)

ω2F(ω) ) (λ/p)
ω
ωc

exp(-ω/ωc) (64)
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slice theorem and comparison with separately recorded spectrally
resolved pump-probe data.29,31 Each 2D trace is the average
of three separate scans. Following each series of 2D scans for
different population times, we repeated the first scan in the same
sample spot for comparison. The decrease in the magnitude of
the 2D signal was less than 30% and the final trace gave
qualitatively the same 2D results within the experimental noise.

Figure 4 shows the 2D spectrum for the FMO photosynthetic
complex at population timeT ) 0 fs. The excitonic energies
are indicated with solid lines. The 2D spectrum is asymmetric
and we see several cross-peak features demonstrating the strong
coupling between certain pigments. The lowest exciton state is
easily discernible as the diagonal peak at (ωt ) Ω1, ωτ ) Ω1;
hereafter labeled 1,1) and strong diagonal peaks are also
observed for exciton positions 2 and 4, in accordance with the
linear absorption spectrum (Figure 3). The mutual correlations
of different excitons appear qualitatively as the magnitude of
the corresponding cross-peaks. For example, we can deduce
from Figure 4 that the BChl pigments that make up excitons 2
and 5 are coupled. The negative regions (dark blue, dashed
contour lines) can be attributed to two-exciton contributions.

The time evolution of experimental 2D traces for population
times up to 1 ps will be explained in detail and compared with
simulations in section VII-D. The cross-peaks intensify over
time, substantial exciton relaxation takes place giving rise to
the “∠”-shape of the main peak and the intense cross-peak
formed between the lowest exciton state and the other exciton
states. At 1 ps, the contributions arising from the different

exciton states are fairly well separated, making it possible to
determine the different exciton energies.

B. Spatial Overlap between Exction State Probability
Densities and the Origin of Cross-Peaks.Since the one- and
two-exciton Hamiltonians can be readily constructed by using
parameters such as site energies and electronic coupling
constants, with the above formalism we can now directly
calculate the 2D spectra. However, we will first consider several
interesting properties that affect the detailed 2D spectral patterns
observed in the experiment. As discussed in section IV-E, the
magnitudes of the fluctuating transition frequencies cross-
correlation function of thejth andkth exciton states,〈δΩjδΩk〉,
is linearly proportional to the spatial overlap between the two
exciton probability densities (see eqs 40 and 41). Within
conventional Redfield theory, the exciton transfer rate between
the jth andkth exciton states is also linearly proportional to
〈δΩjδΩk〉.69 Thus, the magnitudes of the〈δΩjδΩk〉 can be
considered as measures of electronic couplings and exciton
transfer rates. Note that the exciton transfer rate is also critically
dependent on the amplitude of the spectral density at the
frequency of the energy difference between thejth and kth
exciton states. By tabulating the values of〈δΩjδΩk〉/C0 in Table
3 we observe interesting coupling patterns.

The probability density of the lowest-energy exciton state,
which is localized on BChls 3 and 4, strongly overlaps with
exciton 2. This is because exciton 2 is also delocalized over
BChl 3 and BChl 4 (see Table 2). Since the excited states of
BChls 3 and 4 contribute to both excitons 1 and 2, the transition
frequency fluctuations of BChls 3 and 4 will simulaneously

TABLE 2: Squares of the Eigenvector Elements, Inverse Participation Ratios, Dipole Strengths, and FWHM of Each
One-exciton State in the FMO Complexa

exciton 1 exciton 2 exciton 3 exciton 4 exciton 5 exciton 6 exciton 7

BChl 1 0 0 0.7755 0 0 0 0.2245
BChl 2 0 0 0.2245 0 0 0 0.7755
BChl 3 0.8750 (-) 0.1137 0 0.0050 0.0048 0.0015 0
BChl 4 0.1149 0.5971 0 (-) 0.0981 (-) 0.1262 (-) 0.0637 0
BChl 5 0.0050 0.1096 0 (-) 0.1079 0.4529 0.3245 0
BChl 6 (-) 0.0002 (-) 0.0145 0 (-) 0.0295 (-) 0.4161 0.5397 0
BChl 7 0.0049 0.1650 0 0.7594 (-) 0.0000 0.0706 0
IPR 1.28 2.45 1.53 1.67 2.54 2.47 1.53
|µk|2 49 87 73 31 82 24 36
fwhm 141 102 129 123 100 102 129

a The negative sign “(-)” indicates that the corresponding eigenvector element is negative. The unit of dipole strength is debye2, and that of
fwhm is cm-1.

Figure 3. Experimental (solid black) and calculated (dashed black)
linear absorption spectra for the FMO complex. The individual exciton
contributions are also shown (dashed-dotted green). The laser spectrum
used in the 2D experiments (red) covers all transition frequencies.

Figure 4. Experimentally measured 2D photon echo spectrum atT )
0. The positions of the calculated exciton states are marked on the figure.
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modulate the transition frequencies of excitons 1 and 2, making
the cross-correlation magnitude〈δΩ1δΩ2〉 as large as 0.17. Due
to the intrinsic cross-correlation betweenδΩ1(t) and δΩ2(t),
there could be a strong cross-peak at the position (1,2)
(corresponding toωt ) Ω1, ωτ ) Ω2) even at very short times.

The transition frequency of exciton 2 is also strongly
correlated with those of excitons 4 and 5. This phenomenon
can be understood by examining the probability densities (Table
2, Figure 2). Note that exciton 2 is delocalized over BChls 4,
5, and 7 and that the probability densities of excitons 4 and 5
have sizable weights at BChls 4, 5, or 7. Therefore, site energy
fluctuations induced by BChl bath interactions make the fluc-
tuations of excitons 1, 4, and 5 in-phase with that of exciton 2.

The transition frequency of exciton 3 is solely correlated with
that of exciton 7. Both excitons are formed as a result of the
strong coupling between BChls 1 and 2 (see the Hamiltonian
in Table 1). The large spatial overlap between the two excitons
leads to the second largest value of〈δΩjδΩk〉. The largest
correlation occurs for excitons 5 and 6 which are largely
localized on BChls 5 and 6. As we will see in the next section,
the relaxation rate between excitons is roughly proportional to
their spatial overlap. Hence, the large spatial overlap of these
excitons greatly influences the overall population relaxation
dynamics of FMO.

As discussed in detail above, the cross-correlations among
fluctuating excitonic transition frequencies,〈δΩjδΩk〉, are the
electronic coupling effects. Similarly, the cross-peak amplitudes
that are related to the orientationally averaged products of the
squares of the transition dipole moments,〈µej

2µek
2〉, become

nonzero when the chromophores are electronically coupled.
However, these two quanitities are not directly related to each
other, even though their physical origins are the same. One can
understand the difference between them by examining eqs 26
and 40.〈δΩjδΩk〉 is determined by the products of the squares
of the eigenvector elements so that the electronic phase (sign
of each eigenvector element) information is lost. On the other
hand, the transition dipole between the ground and one-exciton
states is given by a linear combination of transition dipoles of
chromophores, and the weighting factors are the eigenvector
elements. Consequently, the signs of eigenvector elements are
crucial in this case. Therefore, there is no simple relationship
between the cross-correlations among fluctuating excitonic
transition frequencies and the cross-peak amplitudes, even
though they are both nonzero only when the chromophores are
electronically coupled to one another. Note that, if there is no
electronic coupling, the EA and GB contributions will cancel,
making the cross-peak disappear. The essence of the distinction
between the two quantities is as follows:〈δΩjδΩk〉 is a property
of the system independent of any specific experiment. However,
we observe the system via a specific four-wave mixing
experiment, and this necessarily brings in the transition dipole
moment factor〈µ2

ej µ2
ek〉. From the PDB structure of FMO and

the Hamiltonian in Table 1, we compute〈µ2
ej µ2

ek〉 (Table 4).
The largest values of〈µ2

ej µ2
ek〉 occur between excitons (2,3),

(1,5), and (2,5). The strong correlations within these pairs of
excitons lead to the main cross-peaks observed (in the downhill
positions) atT ) 0 fs (Figure 4). The cross-peaks are not
apparent in the uphill positions due to destructive interference
with EA (see section VII-D).

The consequences of the distinction between〈δΩjδΩk〉 and
〈µ2

ej µ2
ek〉 are important and become evident in the remainder

of this paper; the former is related to the rate of energy transfer
and line-broadening, the latter to the intensity of the cross-peak.
This implies that rapid energy transfer can occur between two
excitons; however, they may not form a cross-peak in the 2D
spectrum atT ) 0 fs. For example, excitons 3 and 7 have the
largest spatial overlap, and we would expect direct energy
relaxation from exciton 7 to 3, yet there is no discernible cross-
peak at (3,7). Similarly, the cross-peak at (1,2) is small even
though excitation of exciton 2 results in direct relaxation to
exciton 1. In the remainder of this paper, we discuss the exciton
relaxation dynamics within FMO and their contribution to the
2D spectra.

C. Exciton Transfer Rates: Master Equation Approach.
Using the Hamiltonian in Table 1 and the Ohmic spectral density
from section VI, we calculate the exciton relaxation rates using

TABLE 3. Relative (dimensionless) Magnitudes of the
Transition Frequency Cross-correlation Function (〈δΩjδΩk〉/
C0) for the One-exciton States of FMO

exciton 1 2 3 4 5 6 7

1 0 0.1695 0 0.0199 0.0210 0.0107 0
2 0.1695 0 0 0.1968 0.1316 0.0933 0
3 0 0 0 0 0 0 0.3482
4 0.0199 0.1968 0 0 0.0736 0.1108 0
5 0.0210 0.1316 0 0.0736 0 0.3796 0
6 0.0107 0.0933 0 0.1108 0.3796 0 0
7 0 0 0.3482 0 0 0 0

TABLE 4: Relative (dimensionless) Magnitudes of the
Orientationally Averaged Quantity, 〈µei

2µej
2〉

exciton 1 2 3 4 5 6 7

1 0 2.89 3.39 1.34 6.69 0.80 3.19
2 2.89 0 11.45 2.32 6.60 2.55 2.25
3 3.39 11.45 0 1.57 4.01 1.93 1.97
4 1.34 2.32 1.57 0 2.62 0.61 1.57
5 6.69 6.60 4.01 2.62 0 1.81 5.21
6 0.80 2.55 1.93 0.61 1.81 0 0.59
7 3.19 2.25 1.97 1.57 5.21 0.59 0

a When the ground-state bleaching contribution is dominant, the
cross-peak intensity is proportional to〈µei

2µej
2〉.

TABLE 5: Exciton Relaxation Rates (in ps-1) Calculated
Using Modified Fo1rster/Redfield Theory

exciton 1 2 3 4 5 6 7

1 0.12 -2.97 -0.12 -0.08 -0.03 0.00 0.00
2 -0.12 3.58 -0.28 -5.38 -1.60 -0.22 0.00
3 0.00 -0.07 0.46 -0.05 -0.17 -0.01 -1.60
4 0.00 -0.48 -0.02 6.60 -2.00 -2.46 0.00
5 0.00 -0.07 -0.03 -0.91 4.73 -5.73 -0.16
6 0.00 0.00 0.00 -0.18 -0.92 8.64 -0.68
7 0.00 0.00 -0.01 0.00 -0.01 -0.22 2.45

a Rates faster than 1 ps-1 are in bold.

Figure 5. Time-evolution of the exciton state populations calculated
using the spectral distribution of the laser intensity and the rate matrix
in Table 5.
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modified Förster/Redfield theory with a coupling cutoff of 30
cm-1 (Table 5). Rates calculated using conventional Redfield
theory are generally too slow when weakly coupled pigments
are also present in the system. The rates calculated using
modified Redfield theory with and without a Fo¨rster coupling
cutoff are very similar, but the difference between these two
theories actually lies in the nature of the exciton states. When
we use modified Fo¨rster/Redfield theory, only pigment-pigment
coupling strengths larger than 30 cm-1 are considered strong
enough to change the nature of the excited state, and are included
in the diagonalization of the Hamiltonian, and therefore the
determination of the exciton energies. Coupling strengths weaker
than 30 cm-1 are not included in the diagonalization of the
Hamiltonian, but are used in the calculation of the rate matrix
by invoking Förster theory. Therefore, even though the two rate
matrices are similar, the corresponding Hamiltonians and wave

functions may not be, leading to different simulated absorption
and 2D spectra. We found the absorption and 2D spectra
obtained by using modified Fo¨rster/Redfield theory with a
coupling cutoff of 30 cm-1 were in better agreement with
experiment compared to the spectra obtained by using pure
modified Redfield theory (corresponding to a cutoff of
0 cm-1).

The rate matrix (Table 5) reveals patterns already observed
in the spatial overlap of the excitons. Excitons 3 and 7 have a
large spatial overlap, and hence excitation at exciton 7 relaxes
directly to state 3. Due to the spatial isolation of BChls 1 and
2, the lifetime of exciton 3 is quite long (as observed in pump-
probe experiments65) and relaxation from exciton 3 to exciton
1 or 2 occurs very slowly. Exciton level 6 results in direct decay
to excitons 4 and 5; exciton 5 decays to exciton 4; exciton 4
decays to exciton 2, and exciton 2 decays to exciton 1. This

Figure 6. Components of the 2D signal at 1 ps. The individual contributions are all drawn on the same relative scale: (a) diagonal ground state
bleach and stimulated emission, (b) off-diagonal ground state bleach and stimulated emission, (c) excited state absorption, when the initially created
population states at|ej〉 survive overT, (d) stimulated emission and (e) excited state absorption contributions when the initially created population
state transfers to another one-exciton state duringT. (e) The total signal (shown normalized) is obtained by summing over the individual terms.
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leads to effectively two pathways: 7f 3 f 1 and 6f 5,4 f
2 f 1. The features observed in the 2D spectra are mostly due
to the second pathway because it involves more pigments and
these exciton states have large oscillator strengths.

If we estimate the initial populations by considering the
spectral distribution of the laser intensity we can calculate the
time evolution of the exciton state populations (Figure 5).
Exciton 6 decays the fastest and is barely populated at 500 fs.
Figure 5 clearly shows that excitons 2 and 3 are the intermediate
receptors of energy. As exciton states 4-7 decay, the population
of excitons 2 and 3 initially increases, and then decreases as
the population relaxes further to exciton 1. Note that at timeT
) 1000 fs, only exciton states 1 and 3 are dominant. This
observation is consistent with the transient pump-probe
experimental findings by Vulto et al.62,65

D. Simulated 2D Spectra, Comparisons, and Discussion.
Once the rate constants are calculated, we can directly calculate
the time-evolution of the two-dimensional photon echo spectrum
using eqs 59, 60, and 3S-1, 3S-2. Figure 6 shows the various
contributions (a-e) to the total 2D spectrum (f) at a population
time of 1000 fs. The contributions from pathways involving
EA, (c) and (e), are negative and interfere with the other
components of the 2D signal. The interference between these
contributions makes it difficult to interpret 2D spectra without
full analysis via simulation. As can be seen, the amplitudes of
the various elements are of similar magnitude; therefore, the
negative contributions cannot be neglected. The full 2D spectrum
is obtained by summing these contributions. If there is no exciton
migration process, the GB and SE contributions are symmetric
in the 2D frequency domain. However, due to the asymmetry
in the rate constant matrix, i.e., uphill transition rates< downhill
transition rates, the entire 2D spectrum becomes asymmetric.
Furthermore, the transitions from the one-exciton manifolds to

the two-exciton manifolds add an additional asymmetric com-
ponent to the 2D spectrum. In the limit of zero electronic
couplings, the EA contribution will cancel the off-diagonal
GB+SE contribution to make all cross-peaks disappear, as
expected. Consequently, the off-diagonal features of the 2D
spectrum atT ) 0 indicate that the quantum states involved in
the optical excitation and subsequent relaxation of the FMO
complex are spatially delocalized due to finite interchromophore
couplings.

Figure 7 shows the experimental and simulated 2D spectra
at varying population times. Overall, the 2D line shapes are
qualitatively and quantitatively similar to experiment. The
elongation of the diagonal peaks (representing the static
inhomogeneity) is quite apparent, even at longer times and is
reproduced well in our simulations. The absence of diagonal
elongation of the cross-peaks is also simulated, suggesting that
memory is not conserved upon excitation transfer. The amplitude
and “∠”-shape of the main peak is reproduced well at all
population times, as is the rise in the amplitude of the cross-
peaks, for example the cross-peak at (1,5) (labeled A in Figure
7e) and the cross-peak at (2,5) (labeled B). These cross-peaks
are the most intense and are caused by relaxation from the 3rd,
4th, and 5th excitons to excitons 1 and 2 respectively (see also
Table 4). We can quantitatively compare the theoretical and
experimental results by calculating the amplitude ratios of the
various peaks. For example, the amplitude ratio of diagonal peak
C to diagonal peak G atT ) 1 ps is measured to be 0.37,
compared to the calculated value of 0.34. Similarly, the
amplitude ratio of cross-peak B to diagonal peaks C and G at
T ) 1 ps is measured (and computed) to be 1.49 (1.45) and
0.55 (0.5), respectively. An uphill cross-peak at (7,5; E) is also
observed in the experimental and simulated spectra at longer
population times. Several negative features, for example atωt

Figure 7. Experimentally measured (left) and numerically simulated (right) 2D spectra of FMO. The absorptive (real) part is shown for different
population times at (a)T ) 0 fs, (b) T ) 200 fs, (c)T ) 300 fs, (d)T ) 600 fs, and (e)T ) 1000 fs. Positive signals (“increased light”) are
indicated by solid contour lines, negative signals (“decreased light”) by dashed lines. All traces have been normalized, the absolute signal decays
with T.
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∼ 12550 cm-1, ωτ ∼ 12300-12450; D) are also reproduced in
the simulations. Quantitatively, the calculated amplitude ratio
of D to G atT ) 1 ps is roughly twice that of the experimental
amplitude. However, if we compare the measured negative peak
at (6,3) to the calculated negative peak at D, the amplitude ratios
(with respect to peak G) are almost identical:-0.18 in the
experimental spectrum vs.-0.19 in the theoretical spectrum.
This suggests we calculated the amplitude of D correctly, but
not the peak position.

There are also some discrepancies between the simulations
and experiment. In the simulated spectra, the amplitude of the
lowest-energy diagonal peak at (F) is approximately three times
too weak atT ) 1 ps, and atT ) 100 fs the third diagonal peak
at 12450 cm-1 (C) is roughly twice as strong as the measured
spectra. While the amplitude and position of the cross-peak at
B matches that of the experimental data, the cross-peak
amplitude ratio of A (1, 5) to G is calculated to be two-thirds
too small: 0.48 compared to the observed value of 0.76. In
addition, cross-peak A is less elongated alongωτ compared to
experiment. One reason for this is the finite experimental
frequency resolution (38 cm-1) alongωτ. There also appear to
be more cross-peaks in the experimental data than in the
simulations.

In summary, the experimental data are reasonably well
reproduced by the simulations. This is very promising given
the complexity of the physical system and the calculations.
Because of the wealth of information that needs to be explained
in 2D spectroscopy, such agreement gives strong evidence that
the energy transport pathways and underlying mechanisms
described above are correct. Our combined experimental and
theoretical study shows that 2D time- and frequency-resolved
electronic spectroscopy provides spatiotemporal information that
is inaccessible through linear spectroscopy.

Providing a full quantitative analysis of all the features of
the 2D spectra will provide a searching test for the state-of-
the-art in electronic structure, molecular coupling, and quantum
dynamical calculations. For example we know that the point
dipole approximation is often inadequate in photosynthetic
complexes,2,70 and that electronic coherence transfer has been
neglected in our relaxation theory.71,72

VIII. Summary and a Few Concluding Remarks

We have presented the necessary theory to calculate the full
two-dimensional electronic spectra of any molecular aggregate
containing coupled pigments. We have shown that the cross-
peaks in 2D electronic spectra are proportional to the dipole
strength cross-correlation function between two different exci-
tons, 〈µei

2µej
2〉, a quantity that cannot be obtained from linear

spectroscopy. The spatial overlap between exciton state prob-
ability densities also strongly influences the amplitude of the
electronic cross-peaks. We apply this theory to simulate 2D
electronic spectra of the Fenna-Matthews-Olson (FMO)
photosynthetic complex21 and obtain spectra in excellent agree-
ment with experimental results. Thereby we arrive at a picture
for how the initially absorbed photon energy is transported, with
two separate energy relaxation pathways.

In more general terms, this allows us to follow electronic
energy transfer through space (on a molecular-scale resolution)
and time (on a femtosecond scale). Furthermore, the underlying
transport mechanisms (electronic couplings and excitonic wave
function overlaps) can be deduced. This gives us detailed insight
into the design principles of photosynthetic light harvesting.
Applications to many other photoactive systems are possible.

The high information content of 2D (electronic) spectroscopy
in general provides the means to determine Hamiltonians of

molecules and molecular complexes on a very detailed level.
Potential future developments include high-quality electronic
structure calculations to obtain accurate Coulombic coupling
in such confined geometries,69,73 allowing to test the ability of
quantum chemical methods to predict the electronic structure
of molecular complexes, and of quantum dynamical theories to
accurately describe the evolution of excited states. By combina-
tion with experiment such as shown here, we can arrive at a
detailed understanding of the excited-state dynamics of complex
(coupled) systems.
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